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by
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1. Introduction

In statistical practice often the situation is met with, that
one wants to draw conclusions from data, which have not all been
gathered under the same conditions. When these conditions may af-
fect the observed quantities, the data must be divided into groups
that are homogeneous with respect to the conditions and the ef-
fects under consideration have to be tested wifthin each group.

The groups seperately often are too small to draw a conclusion.
Then it is tried to draw an over-all-conclusion, applying a com-
bination technigue on the results of the individual tests. A
well known technique is that of R.A. FISHER (1932) based on the
probability integral transformation. The underlying idea of
Fisher's technigue 1s to use the logarithm of the product of the
tailerrors (or probabilities of exceedance) of the individual
tests as a test statistic. This statistic multiplied by -2 has
a >Q2wdistribution with 2k degrees of freedom, k being the number
of the tests, provided the hypothesis tested is true for all com-
" bined tests. This simple technique can be applied far a large
number of tests but has the following disadvantages:
1. It is only exact, if the statistics of the combined tests have
continuous distributions (c¢f. W.A. WALLIS (1942)). |
2. Attemps to change the woights of the individual tests make the
techniques much more complicated.

For these reasoésg the statistical department of the Mathema-
tical Centre often used anmther easgy combination method. It is
based on a linear combination of the statistics of the individu-
1) Report SF 68 of the Statistical Department of the Mathematical
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al tests. The obtained over-all statisftic 1s in most cases appro-
ximately normally distributed under the hypothesis tested, as
either the individual statistics have approximately normal distri-
butions or the number of the combined tests is so large, that the
Central Limit Theorem applies. The method can be used for many
tests with symmetrically distributed statistics, and has a one-
gided and a two-sided version. By an adequate choice of the com-
bination coefficients the method can obtain special consistency

or effeciency properties.

In the present paper the qualities of this combination method
will be illustrated on Wilcoxon's two sample test. Wilcoxon him-
self has recommended the use of the sum of the statistics 1if a
conclusion has to be drawn on k pairs of samples (cf. F. WILCOXON
(1946)). Two linear combinations, in certain special cases equi-
valent with the sum, will be treated here. One of them yields a
test, with a region of consistency that is independent of the pro-
portion of the sample sizes and the other has in an important spe-

cial case the largest efficiency.

Notation and definitions

Wilcoxon's two sample test can be applied on samples of two
random variables x and y (cf. F. WILCOXON (1945), H.B. MANN and
D.R. WHITNEY (1947)). In the present paper k pairs of random vari-
ables Xys Y3 (1=1,2, ...,k) are considered with distribution func-
tions denoted by Fi(x} and Gi(x) respectively. Samples of indepen-
dent observations of these variables are assumed to be available.
The sample sizes will be denoted by ms (for §i> and n, (for Xi)@

The hypothesis H, to be tested states that Fi(x)sa Gi(x) for
1=1,2, .05k

Let X5 p (r:ﬁ323@g$3mi}t;nd Y5 s (s=1,2, ob~
servation of Xy and the s observation of Iy respectively. Let
sgn(z) be defined by

a@%gni) be the rol

_ ﬁ»-’! if z<0
(2.1) sgn(z) def ) o ir z-0
ZVM if 250

then Wilcoxon's statistic for the ith pair of samples is a linear

function of



e

m, n,
i 1
(2.2) w, === ééﬁ gz% sgn(gir-m Vig)

(cf. D. VAN DANTZIG and J. HEMELRIJK (1953)).
As mentioned in section 1, the statistics considered in this paper
are of the type:

K
def
(2.3) W= 7 cyu..
i=1

The numbers ¢, are called the "weights". They have to be real and
can depend on the sample sizes.

Only the right-sided test will be considered here, where hypo=-
thesis HO is rejected if the observed value of W is equal to W.
or larger. W_, is defined as the smallest value that can be at-
tained by W for which:

(2.4) Ph{}, W, | Hc;liioé )

where « is the level of significance.

If the distribution of W under hypothesis HO is symmetric with
respect to 0, which is true if the distributions F,(x) and Gi(x)
(i=1,2,...,k) are continuous, then the corresponding left sided
test will have a critical region: Wg -W. and the two-sided test
a critical region |W| > Wy s, » both at the level of significance
ol . The properties of these tests can easily be derived from the
properties of the right sided test <treated below.

In this paper each test based on a statistic of the type (2.3),
with critical region defined by W>W,, will be called a W-test.

General properties of the distribution of W

In this and the next section the following assumptions are as-
sumed to be wvalid.
A 3.4 The random variables Eqs EpsevesXy 5 Yaseoesy, are indepen~
dent,
A 3.2 The distribution functions Fi(x) and Gi(x) are continuous
(1=1,2, .. .,k) .

Assumption A 3.2 is not necessary for all results to be treated,
but it is introduced for convenience in order to avoid the compli-
cations due to ties.
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Well known properties of Wilcoxon's statistic in the case of
one pair of samples yield immediately the following results:

(3.1) v L e (uE) =0,

k 2
2 def . 1
(3.2) G ° &£ Var{g}ﬁo} -3 ;;ﬂ (my+n,+1)

(cf. H.B. MANN and D,R. WHITNEY (1947)) and under alternative
hypotheses:

(3.3) def w y gi c.m.n.b,
‘ H !
where
+60
(3.4) D, def QP[X > v, ] - = 2 J/‘ Gi(x) dF, (x) -1 .
-0

For the varianoeéggof W a more complicated expression in the dis-
tribution functions F.(x) and Gi(x) is found (cf. D, VAN DANTZIG
(1951)) . |

If the sample sizes m, and n, (i=1,2,...,k) are large, the dis-
tribution of W will be approximately normal, This can be concluded
from a limit theorem by E.L. LEHMANN (1951) for the case of large
sample slzes and from the Central Limit Theorem for the case of
large k. These theorems are valild under very general conditions,
not only under hypothesis Hog but also under alternative hypo-
theses if the )biz are smaller than 1.

It follows that the critical value W defined in section 2,

ol 8
is approximately equal to
aodg e .
(3.5) W, = 3 Y e CiMi™ (mg+ng4+1)
: i=
where u,, is gilven by
o0
(3.6) dx = ,
uwf

The power of the W-test with respect to a given alternative (given
set of distribubion functiors ¥, (x) snd ¢ (A) will be “approximately
egqual to



) ?Q(Fj}Gi) = /i“(fl)((uac ”é) ‘g&) 3

e ¢(x) denotes the distribution function of a N(0,1)-variable.

istency; designfree W-test

test is consistent against an alternative hypothesis H and
respect to a parameter N if the power of the test against
thesis H tends to 1 for i —oo. In this section the classes
lternatives, against which the W-test is consistent, are in-
igated. The numbers k, ms and n, are supposed to be non-de-
sing functions of a natural number N that tends to infinity.
dependence on N is denoted, if necessary, by writing k(N),
), ny (W), p(W) ete.

he following special cases will be considered:

I k(N)=k for each N, and m,(N) and n, (N) tend to infinity
N30 but mi(N)/N and ni(N)/N remain bounded and larger than
sitive number,

_II: k(N) tends to infinity for N-—c and mi(N) and ni(N) re-
bounded, For convenience it is assumed that k(N)=N and that
} and ni(N) are constants (denoted by m; and ni) for 1< N,

n argument similar to that given by D. VAN DANTZIG (1951)

3 that the power of the W-test tends to 1 if jL(N)/CTO(N)

. This yields the following theorem:

rem 4,1

he W-test is consistent with respect to N against all alter-

ve hypotheses for which

_2rk yoro kK
; ) 2 S
2¢ 2. c_f(N)g Z— e (W, (Wn, (N)b, —» +0e  if N—so0
. 1 " 1 AL 1 1
1=1 B 1=1
ase T .
N o "; . N
— - — . T e .
oy <N)§ > Ci(N)minibi.“ ) if N -—soco
= 1=1
ase IT.

n both cases the test is for sufficiently small o« not consis-

against other alternatives,.
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According to theorem 4.1 the consistency conditions depend on
the sample sizes. Given the bi and the weights Ci(N) the test can
be made consistent by an appropriate choice of the sample sizes.
This can be avoided by a special choice of the weights:

(4’@‘1) Cj‘_(N) = ¢ s

where ¢ 1s an arbitrary constant not equal to 0. If this constant
is positive the test wlll be consistent against all alternatives
for which:

Kk
1
N+§ zf; bim%éo for N —» 6o in case I
=
and N
m% .
N ZZ; biw%&e for N oo in case II
1="1

and, for sufficiently small o< , against no other alternatives.,
As the consistency conditions of the W-test based on (4.1) do
not depend on the sample design (i1.e. on the numbers my and ni)§
1t will be called the "designfree W-test". The use of designfree
tests has been recommended by C., VAN EEDEN and J. HEMELRIJK (1955) .
The statistic of the designfree W-test 1s equal to the sum of
The individual statistics W if M =My=. . o=, and Ny=Ny=.. =0 .
In practice the set of pairs of distribution functions Fi(x)
and Gi(x) (i=1,2,...,k) often can be considered as a random sample
from a population of such pairs. Alternative hypotheses with this

property will be called "randomized alternatives". If a randomized

alternative is true the bi are observations of a random variable g;
It can be shown that the W-test with positive weights is in case II
consistent against all randomized alternatives for which 8}3 is po~-
sitive. In case I the situation 1is more complicated.

Locally best W-test

In this section not only the numbers of observations but also
the distribution functions F (%) and G,(x) and thus the guantities
Di are supposed to depend on N. This will be denoted by writing
7, (x3N), Gi(x;N) and bi(N)g

Further the following assumption is made:




def
(5.4) Ay (xsN) = Vv {a, (x;n) - F, (x;1))
1s bounded for N — co,
Then it can be proved, that ¢ oM /o (N) — 1 and }L(N}/CY (N)
is bounded for N —s 60 ., Thus the power of the W-test can be
approximated by

(5.2) 19 (u, — 200,
67 (W)

O

The quantity pu(N)/ 6" (N) is given by
T nym (n)m, ()6, ()
Z, Ci\img 1 i

(5.3) p() _ 157
G, (W) k()
’ | %‘imq 2(N>mi(N)ni(N){mi(N)+ni(N)+1>

It is easily seen that the right hand member of (5.3) and thus
asymptotically for N —» 0o the power of the W-test, attains its
largest value if

Cbi(N)

{5.4) c, () (1=1,2,...,k(N))

mi(N)+ni(N)&4

provided k(N), m (N)y ,(N) and b, (N) are given positive functions
of N (¢ is an arb%trary positive oonstant)
Consequently the W-test with

o R m (1) 40, (10) +9

has for N —sas asymptotically the largest power against all alter-
natives for which all b (N) are positive and bl(N)/bj(N) —> 1 for
N =>»co and each pair (i yJ) of natural numbers (i< k(N), j<k(N)).

Because of its COP@lLLOﬂal optimality the W-test based on (5.5)
will be called the "locally best W-test",

It can be shown that in case TIT the locally best W-test has
asymptotically for N —sco the largest power against all "randomized"
alternatives" (ef, section L) with positive & b(N) fulfilling the
condition that Elgﬁm) and var{b N)b are of order N -2 for N —scon,



if a(N) is the random variable, of which the numbers:

(N) def 5 i<x N) M,Fi(X;N)} d(mix{Fi(X;N) s Gi(X;N2§)

(izﬂjgﬁeaij)
are assumed to be observations.,

"Designfree" versus "locally hest! i-test

The designfree and the loca2lly best W-test are equivalent if
and only if

fap ML oT
(6 # 1) Ki “_;_»C ——h = K

M, +n., -1
i 71

independent of i for i=1,2,...,k. This condition is fulfilled if

5

Y

for 1=1,2,...,k: minm and ng=n or m,=n and 0, =m independent of 1.
There are more possibilities e.o, for:

K= 0,8 : mizﬂ rimS o =2 n,=2
1,5 3 2 9 -

A

- etc.

\

In order to comvare the anymniotic efficiencies of both tests
assumption A 5.1 and the Tollowing assuudntions are made:
For 1=1,2,...,k(N), each real value of x and N —> oo ¢
46.1 efA x3N) GF, (x;N) “onds to a “ivi%e 1limit independent of i,

A 6.2 Incase I : N”‘Ki(ﬂﬁ has a limit Zor each 1.

In case II: let 1(=2) be the nurber of the values of i for
for ecnch possible value of a,

T2ncs to a finite 1limit.

H quxgg@*gjiw cre the values essumed by the limits of
1Ki(?)§
ng denotes k7 multinlied ty the number of values of i
for which N”’Ki(ﬁ) —> K. (1=1,2, 000,k 5 321,22, c05V).
Case IT: Xﬁﬁxgggg@gKy are the values agssumed by the X 59
(1=1,2, 00, N 5 3=1,2,...,Y) .

Then the asymptotic e cliency e ., as defined by E.J.G. PITMAN
(1947) (ef. G.E. NCTIER (4253)), ¢ the designfree W-test relative
to the locally best W-tess i given by

-




b B .
2 -
(6.2) ebﬁzlﬂz{ 2. X, N, X “1} = {1

j=1 33 g7t

Thus e Iﬁéﬂ which agrees with the optimality of the locally best
2
test,
If the ><3 are given and )<1<:K2<:&$@<><13

if N 4= ?lsg and M o= 723:”*'”;7%“?220*’ Then:

e will be minimum
D,L

Consequently ey 1, - O 1T X, —»co and >{1 is kept constant. Two
5
examples are given below.

Example 1:

Case I : mq(N)=2N nq(N)mEN

X, =1
1 II m,I = 2 n1 = 3
Case I : m,(N)=3N n,(N)=6N D,L ™~ o 7
< « X, o= 2 -
w I s m, =4 n, =5 i _ 1
1 1 ) if M= Mo =3 -
Example 2:
Xy =1 (like in example 1)
Case I : m,(N)=10N ne(N)zﬂom . _ 5o
X, =5 D,L - g 7
no II @ my = 10 n, = 11 “

if 4= e =z

The tests can alsapbencgmpared with respect to the asymptotic
i againsc 3
values of their powé&@%peclal classes of alternatives fulfilling

A 5.1 and A 6.1, Such a class is e.g., defined by

F,(x:N) = H(xfji)
i 1
(6.3) _‘
G, (x3N) = H(x+f +6N72)
where H(x) is a continuous distribution funotionﬁj/4 an arbitrary’
R
real number and © a finite positive constant independent of 1.

s
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Another example 1s the class defined by
1-eN "2
(6.4) Gy (x3N) = {Fi(X§N)§

where @ has the same properties as mentioned at (6@3)@
The first class consists of shift alternatives as considered by
PITMAN, the second of so called distributionfree alternatives of

LEHMANN (1953).
If h(x) is the derivative of H(x),

A gggdfhz(x} ax,
) -
(pKﬂcgjl ijjmﬁé in case T

\/ /‘
g |
J J in case IIﬁ

D
\/Bk jZ% ?jxj in case I

b
VB jﬁl V3% in case II,

then the power of each of the tests tends for N —seo to the values
given below.

Class (6.3) Class (6.4)
(6.5 Design free | 1-¢(u, -26AB) 1-0(u_ 46
Locally best | 1-9(u, -26AC) 1-¢(u, ~56C

Table (6.6) gives numerical results obtained by the substitu-

tlons Vﬁfﬁ? for class (6.3), case I
n(x) = (gwﬁg) %ng 8 = VT i 1 <§&3)5 case II

2/ V& for class (6.4), case I
2 " " (6.4), case I,

}% and ?j according to the examples given above and « = 0,025,
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Example 1 . Example 2
i g Design free 0,516 0,609
(6. )
Z Locally best 0,564 0,851

The following conclusions may be drawn from these results
1. If large differences between the quantities bi are possible the
designfree W-test should be used, as in that case the locally best
test is not optimal and its consistency conditions strongly depend
on the sample sizes.
2. If it is reasonable to assume that the bi have values close fto
0 and 1f the sample design shows large differences between the num-
bers K, (defined by (6.1)) the locally best test may be preferred
because of its larger efficiency.
3. If the numbers K, are (approximately) equal both tests are
(nearly) egquivalent.

combinaison de tests indépendents pour deux échantillons de

Dans cet article l'auteur analyse une classe de, tests, dont les
valeurs typiques sont des combinaisons lindaires giﬁ ciwi des va-
leurs typiques WaseeoswW, de k tests indépendents pour deux échan-
tillons de Wilcoxon, Deux combinaisons spéciales sont examinées ¢n

particulier. Les coefficients de ces combinaisons sont définis par:

.
(1) Cy = ol ¢ est un nombre réel et m; et n, sont les effec-
% tifs des échantillons du i-idme test.
c
(2) o) = =l
., ¢
i m, n1+4

\\\\\

Le test (1) a une région de consistance indépendantereffectifs. Pour
une classe importante d'alternatives le test (2) est asymptotique-
ment le plus puissant pour k¥ — co  ou m —soo, n; —»co et mi/ni
posséde une borne supérieure.

Les efficacités des deux méthodes ont été compardes pour des cas

Id
specilaux.
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